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Abstract. We study the nature of the Nonlinear Schrodinger equation ground 
states on the product spaces R n X M , where M is a compact Riemannian 
manifold. We prove that for small L 2 masses the ground states coincide with 
the corresponding M n ground states. We also prove that above a critical mass 
the ground states have nontrivial M k dependence. Finally, we address the 
Cauchy problem issue which transform the variational analysis to dynamical 
stability results. 
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1. Introduction 

Our goal here is to study the nature of the Nonlinear Schrodinger equation 
ground states when the problem is posed on the product spaces W 1 x M , where 
M k is a compact Riemannian manifold. We thus consider the following Cauchy 
problems 

id t u - A x , v ii - u\u\ a = 0, (t, x, y) e R x M£ x M* 
u(0,x,y) = ip(x,y) 



(1.1) 
where 



3=1 

and A y is the Laplace-Beltrami operator on My. Recall that the Laplace-Beltrami 
operator is defined in local coordinates as follows: 

where g l ^{y) = (ffij(2/)) _1 aud gij{y) is the metric tensor. 

We assume that < a < 4/(n + k) which corresponds to L 2 subcritical nonlinearity. 
In this paper, we shall study the following two questions: 

• the existence and stability of solitary waves for (1.1); 

• the global well posedness of the Cauchy problem associated to (1.1). 
The equation (1.1) has two (at least formal) conservation laws, the energy 



(1.2) £ n ,M*,» - / / (J|V K , y 



u\ 2 \u\ 2+a \dxdvol M k 



and the L 2 mass, 

(1.3) IMI^ (R „ xMfc) = / / \u\ 2 dxdvol M k 
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Here we denote by dvolM* the volume form on M k . Recall that in local coordi- 
nates it can be written as y/det(g^j(y))dy. Moreover the i-th component (in local 
coordinates) of the gradient (V y u(y)) is 

9 i ' j (y)d yj u 

One has the classical Gagliardo-Nirenberg inequality 

2+a ^ ^IL,ll e («) \\o,\\ 2+a - e ( a ) 



xM fc )H' U llL 2 (R"xM fc ) 



(1-4) Il<t + V«XM*) < 

where 9(a) = (n + k)a/2. Thus 9(a) < 2 under our assumption < a < 4/(n + k). 
This implies that the conservation laws (1.2) and (1.3) imply a control on the H 1 
norm which excludes a L 2 self- focusing blow-up and thus one expects that (1.1) has 
a well-defined global dynamics. This problem seems quite delicate for a general M k . 
However if we replace M k with M. k it is well-known (see [11], [4] and the references 
therein) that (1.1) has a global strong solution for every L 2 (W l+k ) initial data. 

Our argument to construct stable solutions to (1.1) follows the one proposed in 
[5]. Hence we shall look at the following minimization problems: 

(1-5) K nM*a= , inf „ £ n,M*, a {u) 

H U lli2 (KrexM fc ) =P 

and £ n ^M k .a( u ) is defined in (1.2). In the sequel we shall use the following notation: 
(1-6) M p nMka = {veH\R n xM k )\ 

\\v\\l 2 (R"xM*) = P and £ n ,M k ,a( V ) = K n,M", a } 

The first result we state concerns the compactness of minimizing sequences to (1.5). 

Theorem 1.1. Let M k be a compact manifold and < a < A/(n + k). Then we 
have the following: 

(1.7) K P n Mk a > -oo and M P n Mk (x £ 0, Vp > 0; 

(1.8) Vtij G H l (M. n x M k ) s.t. ||^|| L 2 (R „ xMfc) - p, lim £ nM \*(uj) - K m* a 
3 a subsequence Uj l and ti G M™ s.t. Uj t (x + Ti,y) converges in H 1 (W l x M k ). 



The proof of Theorem 1.1 is based on the concentration compactness principle 
and it will be given in the appendix. Also the following stability theorem follows 
from a standard argument, hence its classical proof will be recalled in the appendix. 

Theorem 1.2. Let p > be fixed and n, M k , a as in Theorem 1.1. Assume more- 
over that 

(1.9) the Cauchy problem (1.1) is globally well posed for any data <p SW 

where U is a ^(W 1 x M k ) -neighborhood of M P n Mk . 
Then the set M. P n Mk is orbitally stable, i.e.: 

Ve > 36 = (5(e) > s.t. 
tpeU, inf || v?- v\\ H ir R n xM ") < S(e) 

n,M k ,a 

implies sup ( inf \\u v (t) - v\\ H i {RnxMk) ) < e 
tent K v£M p Mk _ 
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where u v {t,x,y) is the unique global solution to (1.1). 

Let us emphasize that the stability result stated in Theorem 1.2 has two major 
defaults: the first one is that we don't have an explicit description of the minimizers 
^Ki M k ' ^ ne second one is that it is subordinated to (1.9), i.e. the global well 
posedness of the Cauchy problem (1.1). The main contributions of this paper 
concern a partial understanding of the aforementioned questions. 
Notice that (see [4]) a special family of solutions to (1.1) is given by 

u{t,x,y) = e~ lwt u niUia (x) 
where co > and u n ^^ a (x) is defined as the unique radial solution to: 

(1.10) ^x^n,Lj,a ^^"n.uj.a — ^"n.cu.a \ V"n,io,a \ 
U n , u , a € H 1 ^), IWa(x) > 0, X e R£ 

Next, we set 

(1.11) = {e ie u n ,u, a (x + t)\t eK",fle R} 

Notice that there is a natural embedding ff^R") C ff^R" x M k ). In fact every 
function in H 1 (R™) can be extended in a trivial way w.r.t. the y variable on R" x M k 
and this extension will belong to 7? 1 (R" x M k ). In particular since now on the 
set Af n ,u>,a defined in (1.11), will be considered without any further comment in a 
twofold way: as a subset of H 1 (R") and if 1 (R" x My). By a rescaling argument 
one can prove that the function 

(0,CO) 3 U) -> ||Un ) w,c«||L2( K „) € (0,CO) 

is strictly increasing for any < a < — and 

lim ||u„, w , q ||l2(R") = oo and lim ||w„ iW , q ||l2(R") = 

As a consequence for any fixed < a < — we have: 

(1.12) Vp > 3! w(p) > s.t. ||«„, u ,(p), cl .||i2 (KS ) = p 

In next theorem the set N n ,u,a is the one defined in (1.11) and M P n Mk a is defined 
in (1.6). 

Theorem 1.3. Let n,M k ,a as in Theorem 1.2. There exists p* G (0, oo) such 
that: 

and 

v ; n,M k ,a n,bj(p/y/vol(M k )),a ' r t 

where u(p/ yj vol(M k )) is uniquely defined in (1.12). In particular for p > p* the 
elements of M p n Mk depend in a nontrivial way on the M k variable. 

By the approach of Wcinstcin [13] one may expect that j\f n ,uj,a is stable under 
(1.1) for a < A/n and lo small enough, see [9] for a recent related work. It should 
however be pointed out that in such a stability result one would not get the vari- 
ational description of N n .u.a as is the case in Theorem 1.3 (a < 4/(n + k)). We 
underline that by combining Theorem 1.2 and Theorem 1.3 we get a stable set for 
large values of the mass p, and in general it is independent of the solitary solitary 
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waves associated to NLS in R™. 

Next we shall focus on the question of the global wcll-poscdness of the Cauchy 
problem associated to (1.1) in the particular case n > 1, k = 1. For every n > 1 we 
fix the numbers 

. , 4(2 + a) , . , n 

p := pin, a) = and q := qln, a) = 2 + a 

na 

and for every T > we define the localized norms: 

(i-iS) \\u(t,x,y)\\x T = ||w(t,a;,y)||Lp((-T,T);^(R S ;ffi(Mi)) 

and 

C 1 - 16 ) \\u(t,X,y)\\ YT = \\^7xU\\lp((-T,T);Li(R^;L 2 (M^) 

Theorem 1.4. Let n > 1 be fixed and a < 4/(n + 1), then for every initial data 
ip G H 1 (R n x M 1 ), the Cauchy problem (1.1) has a unique global solution u(t,x,y) 
satisfying : 

u{t,x,y) e C((-r,T);H 1 (M" x M 1 )) D X T n F T , VT > 

Remark 1.1. The main difficulty in the analysis of the Cauchy problem (1.1) (com- 
pared with the Cauchy problem in the euclidean space) is related with the fact 
that the propagator e~ JtAx ' y on M" x My does not satisfies the Strichartz estimates 
which are available for the propagator e" ,tA «"+* on the euclidean space R n+k . 

Let us now describe some other known cases when (1.1) is well-posed in H 1 (M n x 
M k ) under the assumption a < 4/(n + k). Using the analysis of [2, 3] one may 
prove such a wcll-posedness result in the case R x M 2 , i.e. n — 1 and k = 2. 
Moreover, using the analysis of the recent papers [6] and [7] one may also prove 
such a well-posedness result in the cases R 2 x T 2 and R x T 3 respectively. 

Notation. Next we fix some notations. We denote by and iJJ respectively the 
space LP(W2) and i? s (R"). We also use the notation LP y = £P(R™ x M k ) and 
LPL y = L P (R"; L q (My)). If v(t) is a time dependent function defined on R t and 
valued in a Banach space X, then we define 



\<mx) - I \W)\\ p x dt 



For every p € [l,oo] we denote by p' G [l,oo] its conjugate Holder exponent. We 
denote by e~ JtAa =-« the free propagator associated to the Schrodinger equation on 
R™ x M k . 

2. Some useful results on the euclidean space R™ with n > 1 

In this section we recall some well known facts (see [4]) related to the following 
minimization problem on R": 

(2-1) <«= inf £ n , a (u) 

\W\\ L 2=P 

x 

where for a < 4/n 

(2.2) S n , a (u) = l [ \V x u\ 2 dx - -L- f \u\ 2+a dx 
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By an elementary rescaling argument we have 

^2_3) JP = p(S+4a-2an)/(4-an) jl 

It is well-known that 

(2.4) - oo < J£ Q < 0, Vp > 

and 

(2-5) M p n . a =N nMp) , a 
where J\f n ,u,a is defined in (1.11), 

(2.6) M^ a = {u e ff*|||u|U 2 = P and £„, Q (u) - J£J 

and ui(p) is defined uniquely (see (1.12)) by the relation 

||«n,u;(p),a||l,2 = P 

We also recall that the functions (defined as the unique radially symmetric 

and positive solution to (1.10)) satisfy the following Pohozaev type identity (for a 
proof of (2.7) see the proof of (3.21) in next section): 



(2.7) / \V x u n<Uta \ 2 dx = — — — / K. w . Q | 2+a efe 
J R n 2(a + 2) JR „ 

On the other hand if we multiply (1.10) by u n ^,a an d we integrate by parts then 
we get 

/ |V x u„, w , a | 2 da; + uj\\u n ^, a \\ 2 L 2 = / \u n ^, a \ 2+a dx 
Js.™ x Jrj 

that in conjunction with (2.7) gives 

,„ n , „ 2 2a + 4 — an f ,_ l2 , 

(2.8) w «„,„,« 2 = / V x u„ ;W;a dx 

= a + 8 — I NxU n .u. a \ 2 dx - —J— / |u„ !W!Q | 2+0! (ix) 
an - 4 V 2 J R „ 2 + aJ P / 



4a + 8 - 2an IK^aH^ 
an — 4 

(at the last step we have used the fact that due to (2.5) we have that u n ,uj,a is a 
minimizcr for £ n . a on its associated constrained). 
Finally notice that by (2.7) we deduce 

(29) jlK.^ILg an - 4 y 2 

2an J R n 

3. An auxiliary problem 
In this section we study the minimizers of the following minimization problems 

(3-1) J n ,M k -a,\— i R f , £n.M k ,a,\(u) 

ueH 1 (R n xM k ) 



\H\ L 2 =1 



where 



£n,M k .*A u ) = [ [ (^V U \ 2 + \\^M 2 - 7T—\ U \ 2+a ) dxdvol M' S 

Jm' ii" KZ 1 l + a / y 
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We also introduce the following sets: 

M nM ", a ,\ = {w e H 1 (M n x M k )\\\w\\ L 2 y = 1 and £ n , M " , a ,x(w) = J n ,M*, a ,\} 

Theorem 3.1. Let n,M k and < a < -^-^ be given. There exists A* e (0, oo) 
such that: 

(3.2) M n ^ M k a X =J\f n ,w, a , VA > A* 
and 

(3.3) K,Jf ,a,A n JV„,o,a = 0, VA < A* 
where to is defined by the condition 

^n : il).a 1 1 £2 



^(M fe )|K, 



We fix a sequence Aj — > oo and a corresponding sequence of functions u\ j <G 
M. n<M k jCCt Xj ■ In the sequel we shall assume that 

(3.4) UA >,y)>0, V(x,y)eKxM k 

Indeed it is well-known that if u\. is a minimizer, then also \u\A is a minimizer. 
In particular there exists at least one minimizer which satisfies (3.4). 
Notice that the functions u\ depend in principle on the full set of variables (x,y). 
Our aim is to prove that for j large and up to subsequence, the functions u\ j will 
not depend explicitly on the variable y. 

First we prove some a priori bounds satisfied by u\ j (x, y). Recall that the quantities 
J£ a are defined in (2.1). 

Lemma 3.1. Assume the same assumptions as in Theorem 3.1, then we have: 

(3.5) lim J nMk , a . Xj = vol{M k )ll^ vol{Mk) 
and 



(3.6) 



3 

Proof. First notice that 



lim Xj / / \V y u\.\ 2 dxdvol M k = 

Jm* JM" " 



(3-7) J nM K^ < voKM^llif^ 



In fact let w(x) € Hi be such that HHIl 2 = ; 1 and £ n a (w) — In(a!^ ■ 
Then we get easily: 

= vol{M k )( l -( \V x w\ 2 dx--^— [ \w\^dx)=vol(M k )I 1 n / y v ° l(Mk) 
V2 J Rn 2 + aJ Rn ) 

x x 

and this concluded the proof of (3.7). 
Next we claim that 

(3.8) lim / / \V v u\ \ 2 dxdvol M k = 

j^OoJ M kJ R n 
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In order to prove this fact assume by the absurd that it is false then there exists a 
subsequence of Xj (that we still denote by Xj) such that 

lim Xj = oo and / / \V y u\A 2 dxdvol M k > e > 
and in particular 

(3.9) lim (Xj — 1) / / \S7 y u\.\ 2 dxdvol M k = co 

On the other hand by the classical Gagliardo Nirenberg inequality (see (1.4)) we 
deduce the existence of < \l < 2 such that: 

~ / / [\^ y v\ 2 + \^ x v\ 2 + \v\ 2 )dxdvol M k — / / \v\ 2+a dxdvol M k 

2Jm*Jr2 y 2 + aJ M kJ R n 

^o/ / {\V y v\ 2 + \V x v\ 2 + \v\ 2 )dxdvol M k 
1 Jm* Jr™ y 



-C 



I I (|V W «| 
jm; jr™ 



|Va;w| 2 + \v\ 2 )dxdvol M k 



> inf (l/2t 2 - Cf) = C(ji) > -oo 

Vv G H\R n x M k ) s.t. \\v\\ Lly = 1 
By the previous inequality we get 

£„,m*,«,a»- J(A,-1) / / |V,H 2 > -i + C( M ) 

Vv e ff^R" x M k ) s.t. ||t)|| L 2 y = 1 
In particular if we choose v = u\ j then we get 

Jn,M k ,a,\j — £n,M k ,a,\j i u Xj ) 



> l( X 3 ~ l ) I IVbUa, \ 2 dxdvol M k -\ + 

* J M* JR" z 



C{n) 



By (3.9) this implies lim^oo J n ^M k .a,\ j = 00 an d this is in contradiction with (3.7). 
Hence (3.8) is proved. 

Next we introduce the functions 

Wj{y) = \\u Xj (x, y) || 2 L 2 

Notice that 

(3.10) IK(tf)IU; = 1 
and moreover 

/ \V y Wj(y)\dvol M k < C / \u\ j (x,y)\\V y u\ j (x,y)\dxdvol M k 
Jm* Jm^Jr™ 

Hence due to (3.8) we get 

(3.11) lim \\VywA\Li = 
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By combining (3.10) and (3.11) with the Rellich compactness theorem and with 
the Sobolev embedding W 1 ' 1 (M 1 ) C ^(M 1 ) and W 1 ' 1 (M 2 ) C L 2 (M 2 ) we deduce 
respectively in the case k = 1 and k = 2 that (up to a subsequence) 

(3.12) lim \\wj(y) - l/vo^M 1 )^ =0, VI < r < oo 

j—too y 

and 

(3.13) lim \\wj(y) - l/vol(M 2 )\\ L r = 0, VI < r < 2 

j—too v 

For fe > 2 we use the Sobolev embedding H 1 (M k ) C L 2k ^ k ^ (M k ) and we get 

SUp ||wAj L 2 L 2fc/(fc-2) < C Sup ||ttAj|l,2fl-i(M*) < 00 

j x V j 

(where at the last step we have used the fact sup^ {\\u Xj \\ L 2 + \\ V y u Xj || £ 2 ) < oo). 
By the Minkowski inequality the bound above implies sup 3 \\u Xj \\ L 2k/(k-2) L2 which 
is equivalent to the condition 

(3.14) sup||io,-(j/)|| J .*/(fc-2) < oo for k > 2 

j 

By combining (3.10) and (3.11) with the Rellich compactness theorem we deduce 
that up to a subsequence 

\\wj(y) - l/vol(M k )\\ L i = for k > 2 
and hence by interpolation with (3.14) we get 

(3.15) \\wj(y) - l/vol{M k )\\ L r = for k > 2, 1 < r < k/(k - 2) 
By the definition of I£ (see (2.1)) and (2.3) we get 

(3.16) \ f \V x u Xj (x,y)\ 2 dx--!— [ \u Xj (x,y)\ 2+a dx 

Vy e M k , Vj g N 

Next notice that by definition 

(3-17) J n ,M k -a,\j = ^n,M k ,a, Xj { u \j) 



= \ f f ( A jl V a u A 3 | 2 + \V xU Xj \ 2 )dxdy - — j— / / \u\ 2+a dxdvol M k 
1 Jm£ Jr™ Z + a J M k J M „ * 

and we can continue 

(3.18) ... >f (\ f \V x u X] (x,y)\ 2 dx--±— f \u X] (x,y)\ 2+a dx)dvol Mk 
JM k KZ Jr™ Z + a J Rn J 

y x x 

>In,a f Wj (yY 4+2a - an y (4 - an Uvol Mk 

Jm* y 

= ll a vol(M k )vol(M k )- (4+2a - an ^ (4 - a ^ + o(l) 

where o(l) — > as j — > oo and at the last step we have combined (3.12), (3.13) and 
(3.15) respectively for k = 1, k = 2 and fc > 2 and we used our assumption on a. 
By combining this fact with (2.3) we have 



(3.19) liminf J n M , a X] > vol{M k )I 1 n / ^ vai{Mk) 

J—KX 
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Hence (3.5) follows by combining (3.7) with (3.19). 

Next we prove (3.6). For that purpose, it suffices to keep the term Xj \\7 y u Xi | 2 
in the previous analysis. Namely, by combining (3.5) with (3.17) and (3.18) we get 



(3.20) vd(M k )I^ vollMk) +g(J) > \\j I I \V y u Xj \ 2 dxdvol Mk 

Z J Ml* JR™ " 



Hj) 



where 



and 



lim g(j) = 



]unmih(j)>vol(M k )lXy vol(Mk) 
Hence (3.6) follows by (3.20). 

□ 

Lemma 3.2. We have the following identity: 

(3.21) / / \V x u Xj \ 2 dxdvol Mk = / / \u Xj \ 2+a dxdvol M k 
Jm* Jr.™ y z \ z + a ) Jm* Jr™ y 

Moreover there exist JeN such that 

Vj > J 3w(Aj) > s.t. 

(3.22) - \jAyU\j - A x u Xj + uj(X 3 )u Xj = u Xj \u Xj \ a 
and the following limit exists 

(3.23) lim u(Xj) = u> e (0, oo) 

Proof. Since u Xj is a constrained minimizer for f„ i M fc .a,A :J on the ball of size 1 
in L 2 (R n x M k ), then we get 

d 



de 

which is equivalent to 

d_ 

de 



= o 

£=1 



[ [ \VyU Xj \ 2 dxdvol I 

2 JM k JR™ 

y s 

+ U I I \^ x u Xj \ 2 dxdvol Mky -±—e an / 2 \\u Xj \\ 2 +Z> 

2 JM" JR" v 2 + a L *' v 



= 



By computing explicitly the derivative (in e) we deduce (3.21). 



Next notice that by using the Lagrange multiplier technique we get (3.22) for a 
suitable oj(Xj) € K. On the other hand by (3.22) we get 

/ / (\]\V y u Xj \ 2 + \V x u Xj \ 2 )dxdvol M k +uj{\ j )\\u Xj \\ 2 L 2 

= / / \u X] \ 2+a dxdvol M k 
Jm!> Jr™ y 
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that by (3.21) gives 

—an + 4 + 2a f f I f 

ui(Xj) = / / \V x ux J \ 2 dxdvol M k-\ : j / / \V y ux 3 \ 2 dxdvol M k 

an J M k J R r. V J M k J R n. V 

y x y x 

and hence by (3.6) we get 

(3.24) cj(X j )= ~ an + 4 + 2a f f \V xUx fdxdvol M k+o(l) 

an JM k JR™ v 

where lim :) _ >00 o(l) = 0. 

On the other hand notice that by (3.21) we get 

Jn,M k ,a,\j — £n,M k ,a,\j { u \j ) 

_ an — 4 r f ^ xUx ^dxdvol M k + ^ f [ Xj\V ' y u X] \ 2 dxdvol M k 
lan J M k J R n y I J M k J R n y 

and by (3.6) 

f f 2an 

(3.25) / / \V x u\ \ 2 dxdvol M k = -rJ n .M k . a ,x i + o(l) 

Jm$Jr2 an -4 ■ 

By (3.5) it implies 

(3.26) / / |V x u A /ctofo Z M * = ^L^(M fe )7^y"°' (Mfe) +o(l) 
JM k Vr™ » an - 4 

that in conjunction with (3.24) and (2.4) implies oj(Xj) > for j large enough. 
Moreover (3.23) follows by (3.24) and (3.26). 

□ 

Next recall that the sets M.^ a are the ones defined in (2.6). 

Lemma 3.3. Let u) be as in (3.23) and let v(x) e M.n,a V ° l ^ M ' be such that 
v(x)>0. Then 

-A x v + Cjv — v\v\ a 

Proof. It is well-known that 

— A x v + ujiv = v\v\ a 

for a suitable w\ > 0. More precisely we can assume that up to translation v = 
Un,u!,a- Our aim is to prove that co\ — Q. Notice that by (2.8) 

, . 1 _ 4a + 8 - 2an \M L 2 _ 4a + 8 - 2an i/y/ vo i(M k ) 

(3.27) LOi — l n a x — -. ln,a 

vol(M' t ) an — 4 an — 4 

On the other hand by (3.24) and (3.26) we get 

. —2an + 8 + 4a , T iiJ V oi(M k ) 

w ( A j) = a vol{M k )I n \Z + o(l) 

J an - 4 

and hence passing to the limit in j we get 

,„ _ -2an + 8 + 4a T i/Jvol(M>>) 

(3.28) u = vol{M*)lJ<Z 

an — 4 

By combining (3.27) and (3.28) we get u> = oj\. 

□ 



THE NLS GROUND STATES ON PRODUCT SPACES 



11 



Lemma 3.4. There exist a subsequence of Xj (that we shall denote still by Xj) and 
a sequence Tj <G M™ such that 

lim \\u Xj (x + Tj,y) - Ua,\\ H u R n xM k) = 

where u a <G N n ,a, a , u a > and u> is defined in (3.23). 

Proof. By combining (3.6) and (3.26), and since H^Aj = 1, we deduce that 
u\ j is bounded in H 1 (M n x M fe ). Moreover by combining (3.5) with the fact that 

ll{^ vol{Mk) < (see (2.4)) then we get 

inf II u A |L2+ Q > 

3 *- y 

By using the localized version of the Gagliardo Nirenberg inequality (6.5) (in the 
same spirit as in the appendix) we get the existence (up to subsequence) of Tj e K" 
such that 

u X] {x + Tj,y)^w^0m H^W 1 x M k ) 
Moreover due to (3.4) we can assume that 

w(x,y) >0a.e. (x, y) e R£ x M k y 

and by (3.6) we get V y w = 0. In particular w is y- independent. 

By combining (3.6) and (3.23) we pass to the limit in (3.22) in the distribution 

sense and we get 

(3.29) - A x w + ujw = w\w\ a in K™, w(x) > 0, w^O 

We claim that 

1 



(3.30) \\w\\ L 2 = 



y/vol(M*) 



If not then we can assume IMU 2 — P < / 1 an< ^ since w solves (3.29) by 

x y vol(M k ) 

(2.5) we get 

(3.31) u> G , Q 

On the other hand by Lemma 3.3 the equation (3.29) is satisfied by any v € 



Mn,a l{Mk) ■ Hence again by (2.5) and by the injectivity of the map p — > w(p) 
(see (1.12)) we deduce that necessarily B = . 1 

V V " J ' y/vol(M k ) 

In particular by (3.30) we deduce 

lim \\u\ (x + Tj,y)-w\\ L 2 =0 

Next notice that by (3.6) and since we have already proved that V y w = we deduce 
that 

lim \\V y u X] {x + T 3 ,y)\\ L 2 = = \\^ y w\\ L 2 

J— too ' y ,y 

Hence in order to conclude that u\ j (x + Tj,y) converges strongly to w in H 1 (W l x 
M k ) it is sufficient to prove that 



lim \\V x u\Ax + Tj,y)\\ L i = J vol{M k )\\ V x w\\ L 2 = ||V x w||i,2 

This last fact follows by combining (2.9) (where we use the fact that w G N n ,i 
by (3.29) and |M| L 2 = ' ^J (Mk) by (3.30)) and (3.26). 
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□ 

Lemma 3.5. There exists jo > such that 

V y M Aj = 0, Vj > j 
Proof. By Lemma 3.4 we can assume that 
(3.32) u X] -> u Q in i^QR" x M k ) 



We introduce Wj = ^J—/±. y u\ j . Notice that due to (3.22) the functions Wj satisfy 



(3.33) - XjAyWj - A x wj +uj(Xj)wj = v /-A y (u Aj \u\ 3 \ a ) 
that after multiplication by Wj implies 

(3.34) f f \x 3 \VyWj\ 2 + \V x Wj\ 2 + u(Xj)\wj\ 2 

- y/- A y (u \ j | u \ j s \ a ) wj dxdvol M k =0 

In turn it gives 



ai>: 



(3.35) 0=/ / (Xj - l)|Vj,i0j| 2 - (a + l)^J -A y {u X] \u a \ a )w 3 dxdvol M k + 



\ \ {\^ y w ] \ 2 + \V x w ] \ 2 +iv\w J \ 2 + ^-A y (ux j ((a+l)\u \ a -\ux ] \ a ))w 1 dxdvol M k 
+ / / (ui(Xj) — ui)\wj\ 2 dxdy = 

I, + II, + III, 

Next we fix an orthonormal basis of eigenfunctions for — A y , i.e. —Aytpk = /i^Wk 
and <po = const. We can write the following development 

(3.36) Wj(x,y)= a J,k{x)<Pk{y) 

fe6N\{0} 

(where the eigenfunction ipo does not enter in the development). By using the 
representation in (3.36) we get 

(3.37) Ij > 5Z(Aj- — 1)|/**| 2 f \a jtk (x)\ 2 dx-(a + l)J2 f K(x)\ a \a jik (x)\ 2 dx 
and by (3.23) we get 

(3.38) ///,= o(l)|K||£ SiS 
By combining (3.37) with (3.38) we get 

(3.39) Ij + Illj > 

for j large enough. In order to estimate II j notice that by the Cauchy-Schwartz 
inequality we get 

(3.40) / / y/-Ay(u Xj ((a + l)\u a \ a - \u Xj \ a ))w 3 dxdvol Mk 

< \\y/-Ay(U\ j ((a+ l)\llu\ a - |UAj a ))|| 2(n + fc) 2(n+fc) \\Wj\\ 2jn + k) 

t n + + 2 r n-\-k-\-2 j n-\-k~2 
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< C\\Vy(U\A(a + l)\Uu\ a ~ IMA,!"))!! 2(„ + fc) 2(n+fc) ||w,|| 2(„ + fc) 

j n+k + 2 t n + k + 2 r n + k-2 

where at the last step we have used the following estimate 
(3.41) Vp e (1, oo) 3c(p), C(p) > s.t. 



C{p)\\^ET y f\\ L V < \\Vyf\\ L * < C(p)\\^A y f\\ L * 

Indeed, using [10, Theorem 3.3.1], we have that y/—A y is a first order classical 
pseudo differential operator on M with a principle symbol {g l '^{y)£,i Cj) 1 ^ 2 - Observe 
that 

Moreover one can assume that in (3.41) / has no zero frequency. Then one can de- 
duce (3.41) by working in local coordinates, introducing a classical angular partition 
of unity according to the index I G [1 , • • • ,k] such that 

X> ilJ '(i/)&&: <->V'^ 2 

i,j 3 

and, most importantly, using the L p boundedness of zero order pseudo differential 
operators on R fc (for the proof of this fact we refer to [10, Theorem 3.1.6]). 
Next, by the chain rule we get 



V y (u Xj ((a + l)K\ a -\u Xj n) 
= (a + l)\7 y u Xj (\u Q \ a - |u Aj | Q ) 



and by the Holder inequality we can continue the estimate (3.40) as follows 
VyMAJUdll^r - \uxA a \ 



... < C 

where; 



2{n + k) \\Wj\\ 2(n + k) 
r n + k + 2 J j n + k-2 



1 1 n+k+2 



q r 2(n + k) 
and again by the Holder inequality in the x- variable we can continue 

- < C||V w « A J LS J|| UiS | Q - \UX^\\ L r x J Wj \\ L ^l 

Notice that if we fix 

2(n + k) , n + k 
q = and r = — - — 

n+k-2 2 

then by combining the Sobolev embedding 

(3.42) Hl y C 1ST 2 
with (3.32) and (3.41), we can continue the estimate 

... < 0{l)\\^-&yU Xj \\ L% J\Wj\\ H l y = 0(1)11^1111^ 

where lim. ) _>. 00 o(l) = 0. By combining this information in conjunction with the 
structure of II j we get 

(3.43) IIj > \\wjf Hi y (1 - o(l)) > for j > j 

By combining (3.35), (3.39) and (3.43) we deduce wj = for j large enough. 
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□ 



Proof of Theorem 3.1 By using the diamagnetic inequality we deduce that 
(up to a remodulation factor e l6 ) we can assume that v e M n .M k ,a,\ is rea l valued. 
Moreover if v € M ni M k .a,\ then also \v\ € M. n ,M k .a, a- By a standard application of 
the strong maximum principle we finally deduce that it is not restrictive to assume 
that v e M niM k iCt! x and v(x,y) > 0, V{x,y) e R™ x M k . 

First step: 3X > s.t. € M ntM k a X ,v(x,y) > we have V y v = 0, VA > A 

Assume that the conclusion is false then there exists Xj — > oo such that ua^ (^,2/) € 
^n,M k -oi,\j > w Aj (a;, J/) > and V y u\ j ^ 0. This is absurd due to Lemma 3.5. 

Second step: conclusion 

We define 

A* = inf{A > 0|V„« = Vv e A4„,m*, q ,a} 

By the first step A* < oo. Moreover it is easy to deduce that if A > A* then the 
minimizers of the problem J n ,M k ,a.\ are precisely the same minimizers of the prob- 
lem In.a V ° l< " M \ which in turn are characterized in section 2 (hence we get (3.2)). 

Next we prove that A* > 0. It is sufficient to show that 

(3.44) lim J nMkaX < vol(M k )I^ vol(Mk) 

A^O 

(see (2.1) and (3.1) for a definition of the quantities involved in the inequality 
above). Let us fix p(y) <= C°°(M k ) such that 

/ \p\ 2 dvol M k = 1 

JM k v 

and p 2 (yo) ^ vo i(M k ) ^ or some Vo € M k (i.e. p(y) is not identically constant). Then 
we introduce the functions 

1>(x,y) = p(yyi^- a ^Q{p(y) {2a y {i - a ^x) 

where Q(x) is the unique radially symmetric minimizer for In,a V °^ M Then we 
get 



U{x,y)\\% = (Ay)? aodSnA^v)) = 

and as a consequence we deduce 



f (\\V^{x,y)\ 2 - -^—\i>(x,y)\ 2+a )dxdvol Mk 
= I n , a / (P(v)) 4 " Q " dvol M k 

' JM k 
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where at the last inequality we have used the fact that a < in conjunction with 
the Holder inequality (moreover we get the inequality < since by hypothesis p(y) 
is not identically constant). As a byproduct we get 



^ T l/y/vol(M k ) 

(where we have used (2.3)) which in turn implies (3.44). 



lim £„,M*,a,A(V>(z,y)) < ll a vol(M k ) &z = vol{M k )I n {, 



Let us finally prove (3.3). It is sufficient to show that if v € M- n .M k ,a.\ f° r 
A < A* then \7 y v ^ 0. Assume by the absurd that it is false, then we get Ai < A* 
and Vi G M ntM k a ^ 1 such that V y vi — 0. Arguing as above it implies that 

(3.45) JnMKaM^voliM^lllf^ 

On the other hand by definition of A* there exists A2 G (Ai, A*] and vi € M n ,M k a \ 2 
such that V y «2 7^ 0. As a consequence we deduce that 



c ( \ T U n fk\ T l/y/vol(M k ) 

J n ,M k ,a,\i < tn,M k ,a,\ 2 \ v 2) ~ J n,M h ,<xM ^ VOl{M )l n ,a 

where at the last step we have used (3.7). Hence we get a contradiction with (3.45). 

□ 

4. Proof of theorem 1.3 

In the sequel the homogeneity of the euclidean space W 1 will play a key role. 
Due to this property we shall be able to reduce the proof of Theorem 1.3 to the 
problem studied in the previous section. 

In view of section 2 it is sufficient to prove that there exists p* > such that 

(4.1) v e M P n Mk a implies V y v = for p < p* 
and 

(4.2) v e M P n Mk a implies V y v ^ for p > p* 
By an elementary computation we have that the map 

S\ 3 u — y p 4 /^- a ^u(p 2a /^- an ^x,y) e S p 

where 

S x = {veH 1 (R n xM k )\\\v\\ Lly =A} 
is a bijection. Moreover we have 

£nM k Ap i/{ ^ an) <P 2a,i ^ an) x,y)) = P^- 2an),{i - an) f f \V y u\ 2 dxdvol Mk 

JM k JR™ v 

+p (8-2 a n + 4*)/(4-an) f f \ VxU f dxdvo l Mk 
JM k JR™ y 

_ p (8-2a»+4a)/(4-a n ) _L_ f f \ u f+* dxdvo l Mk 



2 + a 



_ ^(8-2an+4a)/(4-Qii) 



(ip~ 4a/(4 ~ ml) J J \V y u\ 2 dxdvol Mt 
+\ I I |V K u| 2 - -^—\u\ 2+± idxdvol M u) 
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In particular (4.1) and (4.2) are satisfied provided that there exists p* > such 
that 

(4.3) v £ M n , M k a p -ic,/{4-c, n ) implies V y v = for p < p* 
and 

(4.4) v £ Al„. M fc ia .p-4c,/(4-c,r 1 ) implies V y v ^ for p > p* 
that in turn follow by Theorem 3.1. 

5. Proof of Theorem 1.4 

The main tool we use is the following Strichartz type estimates (whose proof 
follows by [12]). 

Proposition 5.1. For every manifold My, n > 1 and p,q G [2, oo] such that: 

2 n n . . , . . 
- + - = o, (P,n) ^ 2,2 
P 9 2 



t/iere eiisfe C > smc/i i/iai 
(5.1) ||e- ltA 



i(t-s)A Xjt 



F(s)ds 



< c 



(5.2) ||V x e- itA «-/|| irilL , + 



7 , fe' ! 
Jo 



F(s)ds 



< 



c(\\V X .f\\LlLl + \\V X F\\ LfLq , Ll ) 



le-^-'/IUoo^Hi + / e- < (*-") A -»F(*)di 



and 
(5.3) 

Moreover 
(5.4) 

and 

(5.5) llV^e-^-'/IUooi;^ + W x f e' i(t ' s ^F( S )d S 

Jo 

<c(\\V x f\\ L 2 Ll + \\V x F\\ LrLqjL ^ 

Next we shall use the norms ||.||x T an d IUIyt introduced in (1.15) and (1.16) for 
time dependent functions. We also introduce the space Zt whose norm is defined 

by 

\\v\\ Zt = \\v\\ Xt + \\v\\y t 
and the nonlinear operator associated to the Cauchy problem (1.1): 

%{u) = e - itA *-ytp + I e- < (*-"> A --»«(«)|u(s)| a ds 
Jo 



L?°L 2 L 2 

t x y 
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We split the proof of Theorem 1.4 in several steps. 

5.1. Local Well Posedness. This subsection is devoted to the proof of the fol- 
lowing fact: 

e H\R n x M 1 ) 3T = T(\\ip\\ m(K n xM1) ) > 
and 3\v(t,x) e Z T D C((-T,T); H 1 (R n x M 1 )) 
s.t. %v(t) = v(t) Vt e (— T, T) 

g ff 1 ^" x M 1 ) 3T = T(||^|| ffl(R „ xM1) ) > 0,i2 = fl(|M|Hi (R n xM i)) > a.t. 
T v (B Zf (0,R)) c B Zf (0,R) yf<T 



First we estimate the nonlinear term: 



(where (p, q) is the couple in (1.15) and (1.16)) and after application of the Holder 
inequality in (t,x) we get 

...<\\u\\ L ^ H1 Ju\\l ?fL . tLr 
<C\\u\\ L , LgHly \\u\\l fL ^ Hl 
where we have used the embedding Hy C Ly° and we have chosen 



1 


l 




l 


- + 




= l - 




V 


p 




p 


1 


l 




l 


- + 




= l - 




q 


q 




q 



By direct computation we have: 

(5.6) aq — q and ap < p 

By combining the nonlinear estimate above with (5.1), (5.6) and the Holder in- 
equality (in the time variable) we get: 

(5.7) \\t v u\\ Xt < c(y\\ L%Hl + t»<< i >h£ q ) 

with a(d) > 0. 
Arguing as above get 

\\V x (u\un\\ L ? Lg ' Ll < C\\V x u\\L^Li\\u a \\ LtLiL? , 

< C\\u\\ YT \\u\\°ag L *i Hi 

where p and q are as above and we have used the embedding Hy C L^. As a 
consequence of this estimate and (5.2) we get: 



(5.8) 



l|r„«||y T < C(||V^|| L , +T^\\u\\ YT \\u\r XT ) 



with a(d) > 0. 

By combining (5.7) with (5.8) we get 



\\%u\\ Zt < C{M Hl(R n xMl) +T a W\\u\\ ZT \ 



\z T ) 
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The proof follows by a standard continuity argument. 

Next we introduce the norm 

\\w(t,x,y)\\z T = ||w(t,a;,y)|| z , P(( _ TiT);I ,| Z ,2 ) 
and we shall prove the following. 

Second step: let T, R > as in the previous step then 

3T' = T'dl^Htf^RnxMi)) < T s.t. % 
is a contraction on Bz T ,(0,R) endowed with the norm \\.\\ z 



It is sufficient to prove: 

(5.9) ||7>i - %v 2 \\z T < CT a ^\\ Vl - v 2 \\ 2t sup {\\v t \\z T } a 

i=l,2 

with a(d) > 0. Notice that we have 

\\vi\vi\ a -v 2 \v2\ a \\ LP , {( _ TT) . Ll < Ll) 

<C \\v 1 -v 2 \\ L 2(\\v 1 \\ L ^ + \\v 2 \\ L ^) a , 

y y v Lp ((—TT)-L q ) 

<CT a W\\ Vl -v 2 \\z T sup{||^|| ZT r 

i=l,2 

where we have used the Sobolev embedding Hy C Ly° and the Holder inequality in 
the same spirit as in the proof of (5.7) and (5.8). We conclude by combining the 
estimate above with the Strichartz estimate (5.3). 

Third step: existence and uniqueness of solution in Zt> where T' is as in the pre- 
vious step 

We apply the contraction principle to the map 7~ v defined on the complete space 
Bz T , (0,-R) endowed with the topology induced by ||.||^ . It is well-known that 
this space is complete. 

Fourth step: regularity of the solution 

By combining the previous steps with the fixed point argument we get the existence 
of a solution v e Z T , . In order to get the regularity v G C((-T', T');H 1 (W n x M 1 )) 
it is sufficient to argue as in the first step (to estimate the nonlinearity) in conju- 
gation with the Strichartz estimates (5.4) and (5.5). 

5.2. Global Well Posedness. Next we prove that the local solution (whose ex- 
istence has been proved above) cannot blow-up in finite time. The argument is 
standard and follows from the conservation laws: 

(5.10) IKt)IU 5iS = IMU SiS 

(5.11) £n,Afi ,«(«(*)) + ^^h.y = £ n,M\ a (V>) + ^Wl^ 
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where E^m 1 ^ is defined in (1.2). By the Gagliardo Nirenberg inequality we deduce 



1 , , 1, 



£n,M l Au{t)) + -\\u{t)\\ L 2 y > ^\\u{t)\\ H1{mnxM1) -C\\u(t)\\ L 2" 1 u (*)lljffi(R»xMi) 

for a suitable p € (0,2). By combining the estimate above with (5.10) and (5.11) 
we get 

^IK*)lljJi(R»xMi) - C IMl£;"~HK*)llffi(R» x Jlfi) ^ £ n,M\<*{v) + ^IMli;,, 

Since p G (0,2) it implies that 11^(^)11^/1 (K" x a-/ 1 ) cannot blow-up in finite time. 

6. Appendix 

For the sake of completeness we prove in this appendix Theorems 1.1 and 1.2. 
Our argument is heavily inspired by the work [5] even if, in our opinion, the follow- 
ing presentation of Theorem 1.1 is simpler compared with the original one. 

Proof of Theorem 1.1 For any given p > we shall denote by Uj tP € H 1 (M. n x M k ) 
any constrained minimizing sequence, i.e.: 

(6-1) \\u hp \\ L 2 y = p and lim £ n , M i> , a (uj, P ) = K n,M* a 

Next we split the proof in many steps. 

First step: K P nMka > -oo and sup., ||uj>||/ri y < oo, Vp > 

By the classical Gagliardo Nirenberg inequality (see (1.4)) we get the existence 
of p e (0, 2) such that 

> \ I I (I V ^%\pI 2 + \u 3 J 2 )dxdvolM* - C(p)\\u J^ 

> inf (l/2i 2 - C(p)t^) > -oo 
The conclusion follows by a standard argument. 

Second step: the map (0, oo) 3 p — » K P n Mk is continuous 

Fix p e (0, oo) and let pj — > p. Then we have 

(f) 2 (5llv..»« J >K,,-^(f) < *IKJIltj) 

= (^) 2 (5ii^-.iiii„-^K»ii35.) 
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+ ((7) 2 - 1 )(l» v -»«-ll^.,-2T^»»-»S-) 

Since we are assuming that pj — > p and sup„ \\uj^ p \\ H iQ SL n xM k-) < oo (see the first 
step) we get 

limsup^.^ <K p Mk 

1 n.M .a — n.M ,a 

To prove the opposite inequality let us fix Uj G H 1 (W l x M fc ) such that 

(6-2) H«jlU;,, = Pi and £n,M*, a {Uj) < K% M >,c + J 

By looking at the proof of the first step we also deduce that Uj can be chosen in 
such a way that 

(6.3) sup||«j|| H i (K n xMfc) < oo 

3 

Then we can argue as above an we get 



- ( IllV V ll 2 o - 1 |U/.|| 2 + Q 

-((^) 2 -i)(^l|v^,ll?, 2 



2+a 



By using (6.2), (6.3) and the assumption pj — »■ p we get 



v\\ 2+a 



K" ,, k < \xmm£K"' k 



Third step: for every p > we have (up to subsequence) inf., Huj^H^+a > 
It is sufficient to prove that K P n Mk < 0. In fact we have 

(6.4) K P n Mk a < vol{M k )E n , a (u n ,u:, a ) = vol{M k )I p J^ vol(Mk) < 

where £ n . a is the energy defined in (2.2) and uj is chosen in such a way that 
\\iinu c\\l 2 — i P Notice that in (6.4) we have used (2.4) and (2.5). 

< ' " X y/vol(M k ) 

Fourth step: for any minimizing sequence Uj iP there exists Tj G R™ s.t. (up to 
subsequence) uj, p (x + Tj,y) has a weak limit 5^0 



2/(n+fc+2) i , ll(n+fc)/(n+fc+2) 



We have the following localized Gagliardo Nirenberg inequality: 
(6.5) H i2+ 4 /( „ + *) < C sup (\\v\\ L , ) 
where 

Q™ = x + [0, 1]™ Vx G R" 
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The estimate above can be proved as follows (see [8] for a similar argument on 
the flat space R d+k ). Wc fix x h e W 1 in such a way that \J h Q™ h = R" and 
meas n {Qxi ^Qx) — f° r i 7^ 3 where meas n denotes the Lebesgue measure in R™. 
By the classical Gagliardo Nirenberg inequality we get: 

IMI^K! < ciHi^ |M|| 1(QS xMk) 

The proof of (6.5) follows by taking the sum of the previous estimates on h € N. 
Due to the boundcdncss of Uj iP in H 1 (R m x M k ) (see the first step) we deduce by 

(6.5) that 

(6.6) < e = inf ||uj J| 2 +4/(„+*) < C sup ||uj,J| r2 (n+fe+2) 

3 x - y 161" Q%xM k 

(the l.h.s. above follows by combining the Holder inequality with the third step). 
The proof can be concluded by the Rellich compactness theorem once we choose a 
sequence Tj £ R™ in such a way that 

inf \\uj, P \\ L 2 > 

J Q™. X M k 



(the existence of such a sequence Tj follows by (6.6)). 

Fifth step: the map (0,p) 3 p — > p~ 2 K P n Mk is strictly decreasing 

Let us fix pi < p 2 and Uj tPl a minimizing sequence for K^ Mk . Then we have 

K n,M k ,a — £n,M k ,a( — u j,pi^J 

= (^) 2 (5llV,«,„lli : „-^;(g)"ll»„„ll3£.) 
= («) (i l|v "-»"*'" l| i.:.,"ITS" % ""2s") 



By recalling (see the third step) that infj ||uj,pi|| _2+ a > we get 



K 2 ^ a < (£) ^ p 



2 

Pi 

Pi/ ™^ Mfc '' 



Sixth step: let u be as in the fourth step, then ||m||i,2 = p 

Up to subsequence we get: 

Uj, P (x + tj, y) -> u(x, y) ^ a.e. (x, J/) € R™ x Af£ 
and hence by the Brezis-Lieb lemma (see [1]) we get 
(6-7) \\u jtP (x + Tj,y) -u(x,y)ft? a 
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= \\ujAx + Tj,v)\ffi a \\u{x,y)\\ 2 +^ +o(l) 

Assume that \\u\\li = 0, °ur aim is to prove 9 = p. Since ii^O necessarily > 0. 
Notice that since L 2 y is an Hilbert space we have 

(6.8) P 2 = Kp(aJ + T j ,i/)||i2 iS 

= IKp0e + 7j,S/) — w(a;,y)||i| + ||«(a;,j/)|||2 +o(l) 

and hence 

(6.9) \\u jtP (x + Tj,y) - u(x,y)\\ 2 L 2 y = p 2 - 9 2 + o(l) 
By a similar argument 

(6.10) / / \V x (uj. p (x + Tj,y)) - V x u{x,y)\ 2 dxdy 
JM k Jr™ 

+ / / \Vy(u jiP (x + Tj,y)) -V y u(x,y)\ 2 dxdvol M k 
(\V x ii(x,y)\ 2 + \\7 y u(x, y)\ 2 )dxdvol M k 



M y JR ^ 

= / / (\Vx{uj, p ( x + T j,y)\ 2 + \Vv u jA x + Tj,y)\ 2 )dxdvol M k + o(l) 

jjh; r™ y 

By combining (6.10) with (6.7) we get: 

(6-H) K nM* a = Hm f n,M^,a(«J,p(a: + 7"i,2/)) = 

' ■ j— too 

lim £ n ,M k A u iA x + T jiv) - y)) + £n.M*, a { n ) 

and we can continue the estimate as follows 



> ^v / p^+°(i) , 
where we have used (6.9). Hence by using the second step we get 



n n,M»,a — n,M fc ,a Tn n,M*,a 

Assume that 9 < p, then by using the monotonicity proved in fifth step we get 

2 _ n2 rp. 

K p > " — K p +—K P = K p 

n,M k ,a^ p2 n,M k ,a ' ^2 n,M k ,a n,M k ,a 

and we have an absurd. 

□ 

Proof of Theorem 1.2 Assume by the absurd that the conclusion is false, then 
there exists p and two sequences ipj £ H 1 (M n x M k ) and tj € M such that 

(6.12) Urn dist H i( RnxM k)(<pj, M^ Mk>a ) =0 
and 

(6.13) liminf dist H i (M n xM k ) (u Vj (t j ),M P n Mk J > 
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where u Vj is the solution to (1.1) with Cauchy data ipj. By (6.12) we deduce the 
following informations: 

lim || li = P and lim £ n>M «, a {Vj) = K „ M " a 
and hence due to the conservation laws satisfied by solutions to (1.1) we get 

lim IK^feOIUs,., = P and .Um £ n ,M« , a ( v "Pi( t j)) = K n m" a 

j >oo J too 

In turn by an elementary computation we get: 



y = P and lim £ nM « A^j) = K „ 



M k .a 



(more precisely Uj is constrained minimizing sequence for K P n Mk a ) where 

- u <p 3 (tj) 

Moreover by (6.13) it is easy to deduce 

^mfdist H i ( ^n xM k ) (u j ,M p n Mk a ) > 

and it is in contradiction with the compactness of minimizing sequences for K p Mk 
stated in Theorem 1.1. 

□ 
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